SIAM REVIEW
Vol. 11, No. 2, April 1969

A NOTE ON PARTITIONED MATRICES AND EQUATIONS*
ADI BEN-ISRAEL*t

1. Introduction. Consider the linear equations
(1 Ax = b, A nonsingular,

and let {L;,L,} and {M,, M,} be two pairs of complementary orthogonal
subspaces. To every b with components b; and b, in L, and L,, respectively,
there corresponds a solution x = A~ 'b with components x, and x, in M and M,,
respectively. In this note (x,, x,) are given in terms of (b, b,), under the assump-
tion that 4: M, — L, is nonsingular. This results in some old and new represen-
tations for inverses and generalized inverses of partitioned matrices. Other
representations were given in [6], [4], [3], [7] and [1].

2. Notations and preliminaries.

C" is an n-dimensional complex vector space,

C™*™are m x n complex matrices,

Cm*" are the same with rank r.
Forany Ae C™™":

A* is the conjugate transpose of A,

A" is the generalized inverse of A (e.g., [5], [2)),

R(A) = {Ax:x € C"} is the range space of A,

N(A4) = {xe C":Ax = 0} is the null space of A.
For any subspace L < C":

P, is the perpendicular projection on L, ie., P eC"*", P, = P? = P¥,

L = R(P 1,),

L* is the orthogonal complement of L.
The restriction A:L - M of Ae C™*" to the subspaces L = C", M < C" is said
to be nonsingular if dim L = dim M and AL = M. Thus for any Ae C™"*",
A:R(A*) - R(A) and A':R(A) — R(A*) are nonsingular.

3. Results. Consider
(1a) Ax = b, where AeCi*", be(C"
Let L,, L, = Lf, M,, M, = M1 be subspaces in C" with corresponding projec-

tiOIlS PL{’ PM." l = 1,2. USil’lg AU = PL.'APM)" bi = PLib’ x] = PMjX" i,] = 1, 2,
we rewrite (la) as:

(2 Ap1xy + Apx, = by,
(3) Ay1xy + Ayyx, = b,
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or
4) Apmxy = by,
where
O S
Ay Ays b, X,
From A% = (P, APy )* = Py, A*Py, it follows that
(5) (ALm)* = (A% L
Regarding A, , as an operator on C" x C" = C>"into itself we observe that
©) R(Apy) = Ly x Ly,
(7 R(ALm)*) = My x M,,
®) N(Apw) = M, x M,
) N((ALm)*) = Ly % Ll-’

Indeed (6) follows from the nonsingularity of A, (7) follows from (5), and (8)
from (7) by using the facts:

N(Ap M) = R((AL,M)*)l =(M; x My))* =M, x M,.

Similarly (9) follows from (6).
The generalized inverse of A, s is now given, for the case AM; = L,.
THEOREM. Let A and A,y be as above and let A{,: M, — L, be nonsingular.'
Then

(10) (ALt = ATHWLALA“BA“AL_T _____ ,

where
B =(Ay, — A21A'§1A12)t~

Proof. Using (6), (7) we see that (4, )" is the inverse of the nonsingular
restriction Ay p:M; x M, > Ly x L,. Computing (4 )" thus amounts to
solving (4) for all b, € Ly x L,.From (2) and the nonsingularity of Ay, :M; - L,
it follows that

(11) x; = Al1by — Al A1x,

is uniquely determined by x, . Substituting (11) in (3) we obtain
(12) (A2z — Ay AL A p)x, = by — A, A14by.
Now (4,, — A1 Al A1,): M, — L, is nonsingular. For suppose
(13) (A22 — A1 A1 A15)x, = 0

! Note that the matrix 4,, is singular except in the uninteresting case L, = M, = C".
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for some 0 # x, € M,. Then we can contradict the nonsingularity of A by produc-
ing a vector x, # 0 such that

(14) Axo = 0.
Indeed such a vector is
(15) Xo = X3 — A1 A%,

First, x, # 0 since x, € M,, x, # 0, A};4,,x, € M, and M, = M7. Second, (14)
holds because
Axo = (Ayy + Aqz + Ay + Azr)(x2 — AL1A12x))

= — A AV )AX, + (Ayy — Ay AT AL)X,
(16) (SinCe Alle = 0, AleZ = 0,

A12A§1 =0, A22A’51 =0)
= 0,
since ] — A;;4A}; = 0 on L, and by using (13). From (12) it follows then that
(17) Xy = (Azy — Az A1 A1) (by — A5, 411Dy)
= B(b; — A21A11b1)

which, when substituted in (11), gives

(18) x; = (A}, + A114,,BA,, A} )b, — Al A ,Bb,.
Recognizing that (17) and (18) stand for
(19) XM = (AL‘M)TbL’

we now verify (10) term by term. This completes the proof.
We next obtain 4~ " in terms of 4;;,i,j = 1, 2.
COROLLARY 1. Let A, A;j,i,j = 1,2, be as above. Then

(20) A7 =AY+ (= AL A)(Ayy — Ay AL AT = Ay, ATY).

Proof. The proof follows by identifying (17) and (18) as x = A~ 'b for every
beC"

If the subspaces L, = M, are spanned by the first k unit vectors, then we
obtain from (10) or (20) (by omitting all zero rows and columns) the following
well-known result.

COROLLARY 2. Let X € C;*" be partitioned by

(21 Xz(--l--*----, where X,,eC*% 0=k =n.
X21 ) X2 e
Then
(22) X' = .X.l_.‘l_ + X.l—.ll_)_( 12 )_].X.z_‘_X_ill_ -E- —Xr ll:X_l_ZX
—YX, X1 X Y ’

where Y = (X5, — X1 X111 X12) L.
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4. Example. Let

1 1
A =
bl
and the subspaces L, L, = L1, M,;, M, = M7 be given by

11 1 1 -1 10 0 0
= — P = — P = P - .
Pr, 2(1 1)’ La 2(—1 1)’ M (o 0)’ M (0 1)

The matrices A;; = P, AP, are

1 0 1{0 3 0 0 1/0 —1
A“_(l 0), A12*§(0 3), AZI—(O 0), Azz"i(o 1)-

Therefore,
11 1
A —
11 2(0 O),
1{0 —1
Ayy — Ay AT Ay, = = = BT,
22 21411412 2(0 l)
and so
B~ 0 0
-1 1

From (20) we obtain

A7l = Al + (I — A1 Ap)BU — A3, A1)
11 1 n 1 0 _l 1 111/0 3 0 0
"2l o o 1/ 2o of2lo 3)J\-1 1
B 2 =1
T\-1 1)
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