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Input Optimization for Infinite-Horizon
Discounted Programs'-

A. BEN-ISRAEL® AND S. D. FLAM®

Communicated by P. L. Yu

Abstract. Let V(x) denote the optimal (maximal) value of a discrete
time dynamic program, given the initial state x. This paper is concerned
with the inverse correspondence V™! and its infimum

I(v)= il;lf{x! Vix)= v}

for discounted, infinite-horizon programs with 1-dimensional state space
and monotone V(-). The function I(v), interpreted as the optimal
(minimal) input required to achieve v, is computed using dynamic
programming recursion (Theorem 3.1) or value iteration (Theorem 3.2).
An application to mathematical economics (optimal consumption plan)
is given.
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1. Introduction

A decision process can be described in terms of its input (e.g., re-
sources), output (e.g., performance criterion), and the decisions connecting
them. In this context there are two natural problems:

(P) Primal Problem. Given an input x, find the optimal value V(x)
of the output (e.g., maximal profit) and decisions leading to it (called
optimal decisions); see, e.g., Ref. 1.
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(D) Dual Problem. Given an output level v, find an optimal input (or
valuation of an optimal input) I(v), commensurable with v, and the corre-
sponding optimal decisions.

Duality theory, the study of relations between (P) and (D) and their
optimal decisions and values, is an important part of linear and nonlinear
programming, underlying algorithms and sensitivity analysis. The role of
duality in dynamic programming is less pronounced, mainly due to the
recursive computations and the need to compute the optimal value functions
over their domains. Duality in dynamic programming, indicated in Ref. 2
(Chapter 5) and used algorithmically in Ref. 3 and elsewhere, has been
studied systematically by Iwamoto (in particular, Refs. 4 and 5), emphasiz-
ing the inverse relations between the functions V(-) and I(-), and their
recursive computations.

This paper is concerned with discrete-time infinite-horizon discounted
dynamic programs with one-dimensional state space, and the properties
and computation of the optimal input I(-), extending the finite-horizon
results of Ref. 6.

The model and hypotheses used are described in Section 2. Section 3
gives the main results on input optimization, the inverse relations between
V(-) and I(-) and their continuity properties (Proposition 3.1), an optimal-
ity principle for the optimal input (Theorem 3.1), and a value-iteration
computation of I(-) (Theorem 3.2). Section 4 concludes with an example
in mathematical economics, where we actually compute the optimal input.

2. Model

Consider a process that is observed at time f to be in the state x, e XC %,
t=0,1,2,...,the initial point x,= x specified. After observing the current
state, a control u,€ U,(x,) is chosen resulting in an immediate reward
r(x,, u,) and a new state

Xee1 = folx,, u,). (1)

The objective is to maximize the overall value
T

z rn‘(xf‘! ul’)
t=0
of the flow of rewards from time 0 up to the planning horizon T.
When T is finite, the dynamic programming approach uses the optimal
value functions VI, r=0, ..., T, defined on X by

Vi(x)= max T n(x,u), 2)

wel(x) j=5
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with x; fixed, and the dynamics governed by (1) for all 1= 7.
The boundary condition
Vi(xr) = max rr(xr, ur), 3)

together with the backward recursion
V (xl') = max {r.-(xn ui’)+ Vi’+](ﬂ{xl’5 u!))}a (4}

fort=T-1,T-2,...,0, yields finally the optimal value
Vr(xo) = Vg[xn), for xo=x, (5)

and the optimal decisions u,, ..., ur furnishing this value.

Some restrictions must be imposed on the data in order to make
definitions (2), (3) and the relation (4) well defined. To this end, the
following assumption will be in force throughout the paper.

Assumption 2.1. Regularity. (i) The state space X is a closed subset
of R.

(i) For each t=0, the point-to-set mapping U, from X into the
topological space U is upper semicontinuous (Ref. 7, Chapter 3), and U,(x)
is nonempty compact for each x € X.

(iii) The transition function f,: X x U > X is continuous (in the product
topology) for each 1=0.

(iv) The reward function r,:XxU- & is bounded and upper semi-
continuous for each t=0.

Then, it is straightforward to venfy that the maxima in (2) and (3) are
indeed attained and, moreover, V/(-) is upper semicontinuous for each f,
0=1=T; see, e.g., Ref. 7, Proposition 3.1.21.

When T is infinite, some provision is needed to make the criterion
Z, _o /(X;, u,) proper. Toward this, we assume the following stationarity
properties of the model.

Assumption 2.2. Stationarity. When T = oo, we shall suppose that, for
all t=0:

(i)  fi=f, with f continuous;

(i) r,=8"r, with §€(0, 1) being a discount factor and r bounded
upper semicontinuous;

(iii) U,=U, where U(-) is upper semicontinuous with nonempty
compact values.

The infinite-horizon optimal value function V(x,) is defined as

V(xo) = SUP{ lim Vl(xo)},

well
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where I is the set of all possible infinite-stage policies and VI(x,) is the
T-period return of policy « with initial state x,. For our problem, this
optimal value function may be obtained as

V(xo) = lim V7 (xo),

where V7(x,) is the optimal return of a T-period problem defined by
relations (2)-(5). In fact, V() will also result from value iteration; that is,
for any bounded, upper semicontinuous function V'”:X- 2, the sequence
of functions V'™, T=1,2,...,defined on X by

VI (xg)i= max {r(xo, o)+ 8V "(f(xa, o)), (6)

will converge uniformly to V.

For proof of these results in much greater generality, see Ref. 8, Theorem
1.13. We emphasize that the limit function V inherits the property of upper
semicontinuity. Note that, if

VO(x):= max r(x,u),
ue Li(x)
then V"=V,
So far we have not relied on any of the order structures of the state

space X. From here on, however, we shall suppose that the model enjoys
some monotonicity properties.

) Assumption 2.3. Monotonicity. For any 0=t=T, vI(-) and V()
are monotone nondecreasing functions.
We remark that this assumption is satisfied if, for every t=0and u€ U,
the functions f(x, u), r,(x, u), f(x, u), r(x, u) and the sets U,(x), U(x) are
monotone nondecreasing in x, the latter meaning that

U/(x,)CUl(xy), U(x))CU(xy), whenever x, =< x,.

In economic terms, Assumption 2.3 means that we allow for free disposal
of resources at any stage.

3. Input Optimization

We are concerned with the computation of the functions
IT(v):=inf{x,: V] (x,)= v},
associated with the finite-horizon models, and the corresponding function
I(v):=inf{xy: V(x,) = v},

in case the horizon is infinite.
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These functions report on the minimal input needed to produce at least
the value v during the periods to go. Without any qualifications on V], V,
we may ascertain that I], I are monotone nondecreasing, provided the
convention inf ¢ =+c0 is used to reflect infeasibility.

It is also clear that

IT(VI(x)=x, for all t, x, e X, (7)
I(V(x0)) = xo. (8)

However, there is more to it.

Proposition 3.1. Under Assumption 2.1, for all =T,
Vi (v)=v, )
I/ (v)=min{x,: V/(x,)=v}, (10)

and I is lower semicontinuous.
Under Assumptions 2.1 and 2.3,

IT(v)=min{x,: V] (x,) =1}, for all verangeV/,
that is,
I'=min(V])™',  onrange V;.
Similarly, under Assumptions 2.1 and 2.2,
V(I(v))=v,
I(v) =min{xy: V(x,) = v},

and I is lower semicontinuous.
If Assumption 2.3 is also in force, then

I=min V™',  on range V.

Proof. The set {x,: V/(x,)= v} is closed by the upper semicontinuity
of V. Thus, its greatest lower bound I7(v) satisfies (9), and now (10)
follows immediately.

For the lower semicontinuity of I, let v" - v, and suppose that

liminf I7(v") = lim I7(v"),

n-=oo

for some subsequence K. Then, by the upper semicontinuity of V; and (9),

V/(liminf I/ (v")) =limsup V] (I7(v*)) = lim sup v* = v.
n-—o0 ke K ke K
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Hence,

IT(v)<liminf IT(v"),

and this takes care of the lower semicontinuity of I). The statements

involving I are proved similarly. O
Having explored the properties of I and I, we are ready to show that

these functions satisfy an optimality principle of dynamic programming.

Theorem 3.1. (i) Under Assumptions 2.1 and 2.3, if t <T, then
IT(v)=min{x,: f,(x,, u) =1 (v—r,(x,, u)),
for some u, € U,(x,)}.
(ii) Similarly, under Assumptions 2.1, 2.2, and 2.3,
I(v) =min{x,: f(xo, tto) = I(8 (v —r,(x,, u,)),

for some uge U(x,)}.

Proof. (i) VI(x,)=uv, iff
Via(fi(x, u))=v=r(x,u), for some u € U(x,). (11)

Now, apply I, on both sides of (11) to obtain

filx,u)=1[(v—r(x,u)), forsome u e Ul(x,). (12)

Here, we relied on (7) and the monotonicity of I/,,. Conversely, apply

V!., on both sides of (12) and invoke (9) to regain (11). The arguments
supporting (ii) are entirely similar. O

We remark that assertion (i) above has already been established in
Ref. 6. It also follows from the more general results in Ref. 4, Section 3.

We conclude this section by showing that, when T = +00, the optimal
input will result from a process corresponding to value iteration. To avoid
nonessential technicalities, we assume henceforth that X is connected and
not bounded above; see also the remark following the proof of Theorem 3.2.

Theorem 3.2, Input Iteration. Let Assumptions 2.1 and 2.2 be satisfied.
Suppose that U(x) and f(x, u) are nondecreasing and r(x, u) is increasing
in x for each u. For an arbitrary bounded, upper semicontinuous, monotone
nondecreasing V'¥:X - %, define

I1'(v) = min{xo: V'9(x,) = v},
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and proceed by setting
I'"V(v) = min{xo: f(xo, o) = IT(8™ (v = r(x0, up))),
for some u,€ U(x,)},

for T=0,1,2,.....

Then, for every v € &, each cluster point of I'"(v), T=0,1,..., equals
I(v). In particular, if the optimal value function V is sup-compact, in the
sense that {x: V(x)= v} is compact, then I'"(v) - I(v).

Proof. For T=0,1,..., define recursively V""" on X by (6). Then,
V'™ converges uniformly to V as T - .

All the functions V'™ are monotone nondecreasing and upper semicon-
tinuous. Suppose inductively that

I'P(v) =min{x,: V7 (x,) = v}. (13)
Then, I'” is monotone nondecreasing and satisfies

I'D(VD(x,)) = xo, (14)

V(I (v) = w. (15)

Here, (14) is self-evident from (13), and (15) follows from the upper
semicontinuity of V™. Now, by (14), (15), and the monotonicity of V'™,
I'D, the inequality

f(xo, ug) = I'V (87 (v —r(xy, up))), for some upe U(x,), (16)
can be stated equivalently as
VI f(xo, 40)) = 87" (v — (X0, Uo)), for some uge U(x,). (17)
Clearly, (17) amounts to
VI (x0) = 0. (18)
Thus, the equivalence of (16) and (18) implies that
IV (v) = min{x,: VTV (x,) = v}.

Now, fix ve R, and introduce the functions

R A
+co, otherwise,
for T=0,1,2,.... The function L is defined similarly in terms of V. It is

easy to see that L7, L are lower semicontinuous. We assert that (a) and (b)
below hold.
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(a) For any x,€X, if xg = Xo, then

lim inf LT (xg )= L(x,).

To see this, it suffices to consider the case when

lim inf LT(x0) <+,

Then,

lim inf LT(xd) = x,,

and we must show that V(x,)=v. If not, then for some >0,
V(x,) <v-—3e

By the upper semicontinuity of V, we may find a neighborhood N of x,
such that

V(yo)=V(xo)+e

whenever y,€ N. Since V'™ > V uniformly, there exists an integer 7, such
that

VD<= Ve, forall T=7,.

For T> some integer 7,, we have xg € N. Then, for T = r:=max{r,, 7.},
V(xD) = V(xD)+e=< V(xy)+2e<u.

Thus,
LT(xT)=+0o0, forall T=r

This, however, contradicts the finiteness of

liminf L"(xg ).
T=c0
(b) For any x,€ X, there exists a sequence Xe - x such that

lim sup L™xg = L(x,).
T=oo
If L(x,) =+0c0, there is nothing to prove. Otherwise, pick a decreasing
sequence Xg->X,. Note that V is monotone increasing. Thus, V(xg)>
V(xo) = v, for all n. Since V'™’ » V pointwise, we have that V™ (x])= v,
for all T sufficiently large; that is, L™ (x§) = x{, for large T. Thus,
limsup limsup L (x§) = xo= L(x,).

n-o0 T
Now, for some sequence n(T), we have

limsup L™ (x5"”)<lim sup limsup L7 (x§) = L(x,);

T n=oo Tsx

see Ref. 9, Corollary 1.16. This takes care of (b).
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To complete the proof, let x, be a cluster point of the sequence
x"=1"(v), T=0,1,2,.... That is, for some subsequence K,

%= fim %3.
Let y, be any other element of X. For some sequence y{ - y,, we have
limsup L"(yg)=<L(y,), by (b).

T=oo
Let xg = x,, whenever T ¢ K. Then, (a) implies that

L(xo) <lim inf L™ (xJ) =<lim inf L*(x})
T ke K
=limsup L*(y§) =limsup L™ (yT) = L(y,).
ke K T—+co
This shows that x, minimizes L. Hence, x,= I(v), ending the proof. [

Remark 3.1. A closer scrutiny of the preceding proof shows that it is
not necessary to assume X connected and unbounded from above. It suffices
that, for each x € X, there exists a sequence x" - x such that V7 (x") = V(x)
when T is sufficiently large. Toward this, if x belongs to the closure of
X (x, +0), we can take x" | x in X. Otherwise, make sure that V@ >sup r,
and let x"=x.

4. Example

The successive approximations of I(v) by the recursion
1™ Y(v) = min{xo: f(xo, uo) = I' (87 (v = r(xo, uy))), for some u,e U,

is in general rather cumbersome. Yet, this scheme may entail no more
difficulties than (6), as shown by the following example based on Ref. 10.
Let xo=0, r(x,u)=u", with 0<a <1, U(x)=[0, x], and f(x,u)=
y(x —u), with y>0.
Initiate the input iteration of Theorem 3.2 by letting

VO(x)=x*
Then, for v=0,
I1'Cv) =min{x: x* = v} = v*,
with B8 =a~'. Next, we have
I'V(v) = min{x: y(x—u)=(8""(v—u"))?, for some ue [0, x1}
=min{x: x=u+y" (6 (v-u*))?, uelo, v}
=b,vP,
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with

SL S R R S
B R e e R I

as follows by routine calculus. This suggests a trial solution
I7(0) = byo?,
which is indeed verified by simple analysis. Moreover,

_1+byy '(8,b7) Y
[1+8(8yb7") /™0

b‘r+1
It remains to identify lim,_. br. Toward this, introduce

—a/(1- /(1=
,8T=b'raN a}=b?{( .6)’

w= (aa,y)lf(l—u).

Then,
bro=(1+B7 wpt)/(1+wBr)’ =1/(1+wpr)?".
Hence,
ﬁ7‘+| = 1 + wﬁ]".
Recall that B,=1. Thus,
T
BT= Z w‘s

T a—1/a
b'r_—'[z w'] .
t=0

It follows that limy. . by exists if and only if @ <1; that is, we must have
ye<& =141, (19)

with i> 0 being the interest rate.

The economic interpretation of (19) is that the opportunity cost of
capital (or the rate of impatience) exceeds the benefits of deferred con-
sumption.

Note that, unless y=1, we cannot a priori guarantee that r(x, u) is
bounded above. This and similar examples (Ref. 11) provide strong motiva-
tion for pushing beyond Assumption 2.1(iv). Then, growth conditions must
be imposed on the reward functions, and more care is needed when designing
the finite-horizon approximations (Ref. 12).
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