Lecture 1: Preliminaries




Scalars and vectors

The complex field C is used, specialized to the real field R as
necessary. A generic field is denoted by [F.

Scalars in [ are denoted: z,y, A, .. ..
The n—dimensional vector space over [ is denoted by "

Vectors in " are denoted: x,y, A, ..., their elements recorded as

, x=(x;) , orx[i|=x;, i€l,n, v; €F.

The vector e; given by e;[j] = d;;, is the ¢, —unit vector of F".

The standard basis of F” in &, = {ej,ea,...,e,} .




Inner product

Let V be a complex vector space: A function : V x V +— C, denoted
(x,y), that satisfies V x,y,z€ V, a € C,

(I1) (ax+y,2z) = a(x,2z) + (y,z) (linearity),

(12) (x,y) = (y,x) (Hermitian symmetry),

(I3) (x,x) >0, (x,x) =0<=x=0 (positivity),

is called an inner product on V.

The vectors x,y are orthogonal if (x,y) = 0.

n
Ex: The standard inner product in C" is (x,y) = Y x;y;
i=1

Ex: For nonzero x,y € R", the angle /{x,y} is given by
(x,¥)

V(% x)/(y,y)

cos Z{x,y} =

Q: What about angles in C™ 7




Norm

Let V be a complex vector space: A function : V — R, denoted
|x||, that satisfies V x,y € V, a € C,

(N1) ||x|| >0, ||[x]| =0 <= x=0 (positivity),

(N2) |lax]|| = |a| ||x]| (positive homogeneity),

(N3) [x +yll < [Ix[[+lyl]l (triangle inequality),

is called a norm in V.
Ex: For p > 1, the {/,—norm in C" is
1/p

n
Ixlly = | D l=lP ] 5 lIxlloe = max {|a;(}
j=1

and ||x||2 = the Euclidean norm.




Matrices
Fm*™ = the m x n matrices over F, A = (a;;), Ali,j] = ay;
The matrix A is diagonal if A[i, j] = 0 for i # 7,
in particular, A = diag (a11,--- , app) where p = min{m,n}.

A is upper [lower]| triangular if Ali, j] = 0 for i > j [i < j]

Given a matrix A € C™*"™, its

transpose is AT € C"*"™ with AT[i, 5] = Alj,1]

conjugate transpose is A* € C"*"™ with A*[i, j] = Alj, 1]
A e F*" is:

Hermitian [symmetric] if A = A* [A = AT if A is real],
normal if AA* = A*A,

unitary [orthogonal] if A* = A~ [AT = A~1 if A is real].




Linear transformations
Let U,V be vector spaces over IF, T" a mapping: U — V.
T is a linear transformation, if
Tax+y)=alx+Ty,Vx,yeU, acF.

The set of linear transformations: U — V is denoted L(U, V).
L(U,V) is a vector space with vector addition and scalar
multiplication

(Ty +To)u=Tiu+Tou, (aT)u=a(Tu), VuelU.

The zero element of L(U, V) is the transformation O,
Ou=0e€V 6 VuelU
L(U,U) is a ring with identity [

Iu=u,VuelU.




Images

Let T € L(U,V), ue U, veV. Then
the image of u is the point Tu eV ,
the inverse image of v is the set T-!(v) ={ueU: Tu=v}.

The range of T', denoted R(T') is the set of all its images
R(T)={veV:v=TuforsomeuelU}.

The null space of T, denoted N(T'), is the inverse image of 0 € V,

N(T)=T"'0)={ucU: Tu=0}.

R(T) and N(T) are subspaces of U.

Ex: P,(z) = the vector space of polynomials of degree < n.
T =% e L(P,(z), Po1(z)), R(T) = Py_1(x), N(T) = Py(x).




Inverse
T e L(U,V)isone-tooneif Vx,yelU, x4y = Tx+#1Ty,
onto if R(T') =V.
T one-to-one and onto = dinverse T~! € L(V,U) such that
T HTu)=u, T(T"'v),VuelU veV, =v,
or equivalently , T T =1y, TT ' =1y ,

in which case T is called invertible, so is 7!, and

(T~) ' =T

Ex: Permutations

7T3(CU1,CU271L’3) = (3327563,%1) ) 7T4(£U1,f13271133) — (3337513175132) .




Matrix representations

Given

e linear transformation A € £(C",C™) and

e bases U = {uy,...,u,} and V = {vy,..., v, } of C"™ and C",

the matrix representation of A relative to {U,V} is the unique

m

A vy = {aij} € C™*™ determined by Av; = Z ai;ju;, jE€ln.
i=1

men

For given {U,V}, a 1:1 correspondence L(C", C™) +«——

If Ae L(C",C"), Agy,yy is denoted Agyy, and is the unique

n

Ay = {ai]} € C"*" determined by Av; = Z aijvi, J€l,n.

1=1

The standard bases {&,,,&,} are the defaults and are omitted.




Similarity

Matrices A, B € C*"*™ are similar if

A=S"'BS (1)

for some nonsingular matrix S.

Similar matrices represent the same linear transformation
in L(C™,C"), say
A= T{lel}: B = T{L{g} (2)

A similarity invariant is the same for all similar matrices.

Ex: Rank, determinant, eigenvalues (not eigenvectors),

characteristic polynomial, minimal polynomial
Q: How does the matrix S depend on the bases U, Us 7

Q: What can be said about matrices in C™*"™ representing the
same linear transformation T' € L(C™, C™) 7
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Adjoint

Let

e (-,-)c» and (-, -)cm be inner products on C" and C™, resp.,

o' c L(C",C™).

The adjoint of T, denoted T, is T* € L(C™,C"™) defined by
(T'v,u)cm = (v, T"u)cn , VvelC ueC”

Ex: With standard inner products and bases, if A € C™*"

represents 7' € L(C"”,C™) then A* represents T*.

A matrix () € C"*" is positive definite if () = QQ* and

(x,(x) >0, VO#xeC"

Q: Let (x,y)cn = x*Py and (u,v)cm = u*Qv, where P, () are
positive definite. If A € C™*" represents T' € L(C™, C™), what is
the matrix representation of 1™ 7
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A linear transformation and its adjoint

C" Cm
A*u

® <]

(u, Av) = (A*u,v), Vv,u




Direct sums
The sum of 2 subspaces L, M C C", denoted L + M, is defined as
L+M={y+z:yeLzec M}, and is also a subspace.
If LN M ={0}, then L + M is denoted L @& M, a direct sum.

The subspaces L, M C C" are complementary if

C'"=Lo M, (1)
or equivalently, if every x € C" is expressed uniquely as a sum

X=X +Xnm, (Xp € L, xpp € M) . (2)

The (linear) map Pr, s : X — Xy, is the projector on L along M.

Let the columns of X = [x1, -+ ,xy|, Y = |y1, - ,¥m| be bases of
L, M, resp. Then Py, ps is represented by the matrix

Pry=[XO]XY]!
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Idempotents and projectors

A matrix E is idempotent if £ = E.

Lemma 1. Let £ € C"*" be idempotent. Then:
a) FE* and I — F are idempotent.
b) A(F)=1{0,1}. The multiplicity of the eigenvalue 1 is rank F.
) rank F = trace .
E(l-FE)=(I-E)E=0.
Ex=x < x€ R(F).
E € FE{1,2}.
N(E) = R(I — E).

Theorem 1. For every idempotent matrix £ € C"*",

Conversely, if L and M are complementary subspaces, there is a
unique idempotent Pr, ps such that R(Pr ) =L, N(Pra) = M.
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Orthogonal direct sums

Vectors x,y € C" are orthogonal, denoted x | y, if (x,y) = 0.
A set {x1,...,x;} C C" is orthonormal (o.n.) if

(xi,%;) = 05, V1,5 € 1,k.
The orthogonal complement L+ of a subspace L C C" is

LT :={xeC'":yeL = xLly}, alsoa subspace.

C™ is the orthogonal direct sum of L, L+, a fact denoted by

1
Cr=LoLt.

The projector on L along L+, denoted Py, is the orthogonal

projector on L. It is represented by
l

P, =[X O][X Y]~ szx*

1

where X = [x1, -+ ,%xy¢|, YV = |y, ,ym] are o.n. bases of L, L.
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Hermitian idempotents and orthogonal projectors
A matrix E is Hermitian idempotent if £? = £ = E*.
Lemma 2. Let C" = L& M. Then M = L~ <= Pry =P}, .

1
Proof: Let C" = L ® M, and consider the matrix Py ,,. By
Lemma 1(a), it is idempotent and by Theorem 1, a projector.

W N(Pfy)=RPLm) =L =M
s R(PE ) =N(Ppy) - =M+-=L
L. I?E,Al m— I?L,Al .

Theorem 2. For every Hermitian idempotent £ € C™**",

4

Conversely, if L is a subspace of C", there is a unique Hermitian
idempotent Py, such that R(Pr) =L, N(Pp) = L*.
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4 subspaces

If Ae C™*™ then

The restriction of A to R(A*), A|ga~) € L(R(A*), R(A), is

invertible.
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The Singular Value Decomposition (SVD)

Let A € C™*" let the eigenvalues \;(AA*) of AA* (which is PSD)
be ordered by

AL(AA) > > A (AA") > Mg (AA) = - = M\, (AA") =0 .

The singular values of A, denoted by o;(A) or 0, j € 1,7, are
defined as

0i(A) = +\/N(AA7), jeTT,

or equivalently, o,(A) = +\/)\j(A*A) , jelr,

and are ordered,
o1 >09 220, >0.

The set of singular values of A is denoted by o(A).




The SVD (cont’d)

Let A and {o;} be as above, let {u; : ¢ € 1, m} be an o.n. basis of
C™ made of eigenvectors of AA*,

AA*u; = o2, , ie1,r,

7

AA*n; =0, 1er+1,m,

Vi = O_ijA*uj ; jEW,
and let {v, : j € r+1,n} be an o.n. set of vectors, orthogonal to
{vj: j€1,r}. Then the set {v;: j € 1,n} is an o.n. basis of C"
consisting of eigenvectors of A* A,

A"Av,; = O'2Vj ,jel,r,

7

A*Av; =0, jer+1,n.




The SVD (cont’d)

Conversely, starting from an o.n. basis {v; : j € 1,n} of C"

satisfying
A"Av; = U,L-ij , jel,r,
A*Av; =0, jer+1,n.
we construct an o.n. basis of C™ with

* 2 .
AA* v, =o;u;, 1€ 1,1,

AA*n; =0, 1er+1,m,

by

1 I
ui:—AVj,ZEI,T,
oF;

and completing to an o.n. set.




The SVD (cont’d)
Let A, {u; : i € I,m} and {v, : j € 1,n} be as above. Then

1 .
w;, = — Av;, i€ 1,r, can be written as
oF)

01

AV =U?Y , where X =

U: U—l

Since V is unitary,
A=UXV",

called a singular value decomposition (abbreviated SVD) of A.




An application to electrical networks

Consider a network, such as




Electrical networks (cont’d)

Let

M = the node—branch incidence matrix,

A = the diagonal matrix of branch conductances,

y = branch currents,

p = node potentials,

x = potential difference across branches, e.g., £3 = py — py, or

x=Mp
Therefore,

R(M?T) = the voltages satisfying Kirchhoff voltage law,
N (M) = the currents satisfying Kirchhoff current law,
and the network satisfies Ohm’s law,

Ax+y=Av+w, xc RM"), y e N(M) (1)

v, w = the voltages and currents generated in the branches.




The Bott—Duffin inverse

Consider the constrained system, arising in electrical network

theory,
Ax+y=b,zxeLlL,yelL",

or, equivalently,
(APL"—PLJ_)Z:b
where

x =Pz, y=Pr.z=b-AP;z.

If (APr, + Pr1) is nonsingular, then (1) has a unique solution for
all b € C™.

The operator

Ay == PL(AP, + Ppo) !

is the Bott—Duffin inverse of A w.r.t. L.




The Bott—Duffin inverse (cont’d)

Theorem (Bott and Duffin). Let (APp + Pr1) be nonsingular.
Then the equation

Ax+y=b,zcL,ycL™" (1)

has for every b, the unique solution
_ A(=1)
X = A( L) b,

—1
y = (I —AA; )b

Ex. If A= (ai;), A}, = (ti;), da, = det (AP, + Pp1) , and
Ya,r =log da,r then L Oar
" Day,
iJ

Ex. If the columns of K are a basis for L, then

ACY = K(K*AK) K, (3ATY = J(KFAK) ™)

(L) (L)
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A generalized inverse of any A € C™*"

Recall that A|p(a+), is invertible as a map: R(A*) — R(A).
Let M C C™ be a subspace such that

C"=R(A &M

A|§(1A*)y, y € R(A);
0, y € M.

and define A]T/Il .

For M = N(A*), A;; is the Moore—Penrose inverse.
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