Lecture 2: Generalized Inverses




Moore’s plan

The striking analogies between the theories for linear equations in
n—dimensional Euclidean space, for Fredholm integral equations in
the space of continuous functions defined on a finite real interval,
and for linear equations in Hilbert space of infinitely many

dimensions, led Moore to lay down his well-known principle.

“The existence of analogies between central features of various
theories implies the existence of a more fundamental general
theory embracing the special theories as particular instances and

unifying them as to those central features.” (Moore, 1912)

“The effectiveness of the reciprocal of a non—singular finite
matrix in the study of properties of such matrices makes it
desirable to define if possible an analogous matrix to be
associated with each finite matrix even if it is not square or, if

square, is not necessarily non—singular.” (Moore 1935)




Desiderata

Cm*"™ = the m x n matrices over C with rank r.
A matrix A € C"*" is nonsingular if rank A = n, or det A # 0.
The inverse of A satisfies, by definition, the following equations,
AXA=A
XAX =X
(AX)" = AX
(XA)"=XA

AX =XA
as well as the conditions

Ax = \x — A_lx:ix

A, B nonsingular = (AB)"'=B"'4"!

These properties are desirable, can one have them for general A 7




The Penrose equations

men

The Penrose equations for A € are:

AXA=A,
XAX = X .
(AX)" = AX ,
(XA)*=XA.
Let A{i,j,...,k} denote the set of matrices X € C"*™ which
satisfy equations (7), (j), -, (k).

A matrix X € A{i,j,...,k} is called an {4, 7, ..., k}-inverse of A,
and also denoted by A(#:d»k).

In particular, a {1}—inverse, a {2}—inverse, a {1, 3}—inverse, etc.

The Moore—Penrose inverse of A is its {1, 2, 3,4}-inverse,

denoted AT.




Why Moore’s work was unknown in 19557

Answer: Telegraphic style and idiosyncratic notation. Example:

(29.3) Theorem.
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English translation:

(29.3) Theorem.

For every matrix A there exists a unique matrix X : R(A) — R(A*)
such that

AX:PR(A), XA:PR(A*) .




Construction of {1}-inverses

Given A e C**" let £ € C'*™ and P € C'*" be such that

I, K

FEAP = O O

Then for any L € C»=")*(m=7) the n x m matrix

IOE

X =P |
L

is a {1}—inverse of A. The partitioned matrices in (1), (2) must be

suitably interpreted in case r = m or r = n.

Proof. Write (1) as

_ -1 |y -1
A=pet s S P

then verify that any X given by (2) satisfies AX A = A.




Linear equations

Given A € C™*™ | b € C™, the equations
Ax=Db
have a solution if and only if for any X € A{1},
AXb=D>b,
in which case the general solution is
x=Xb+ (I - XA)y, y € C" arbitrary

Proof. AXA=A — AX idempotent, rank AX = rank A.

oo AX = Pr(ay,m , for some M such that C" = R(A) © M.

Ax = b consistent <= b € R(A) <= Prua)mb=b, VM
Finally, A(Xb + (I — XA)y) = AX b = b.

]




Linear matrix equations

Theorem. Let A €¢ C"*"™ B € CP*?1, D € C"™*4. Then the
matrix equation

AXB =D

is consistent if and only if for some A, B(D,

AAVYDBYB =D |

in which case the general solution is
X =AYDBW +y — AW Ay BBW

for arbitrary Y € C™**P,

Proof. If (1) is consistent then

D=AXB = AAYAXBBYB = AAVO DB B .




Kronecker products and matrix equations

The Kronecker product A ® B of the two matrices
A = (a;;) € C™*™ B € CP*9 is the mp x ng matrix

allB CngB <o CLlnB
a21B CLQQB <o CLQnB

a/mlB a/m2B c e a/mnB

For X = (z;;) € C™*", let vec(X) = (vr) € C™" be the vector
obtained by listing the elements of X by rows,

Un(i—1)+5j — Lij (7’ clym; je 17”)

Lemma. For compatible matrices A, X, B

(A® B')vec(X) = vec (AXB)




Construction of {1,2}-inverses

Proposition. Let Y, Z € A{1}, and let
X=YAZ.
Then X € A{1,2}.

Proof. AXA=A(YAZ)A=(AYA)ZA=AZA=A,
XAX = (YAZ)A(YAZ) = Y(AZAYAZ = Y(AYA)Z = X . O

Proposition. Any two of the following statements imply the third:
(a) X € A{1},

(b) X € A{2},

(c) rank X = rank A .

Proof. X € A{1}, Y € A{2} — rankY <rank A <rank X, etc.

10-a



Projections

Theorem. For any A € C™*" | A ¢ A{1}.

R(AAW)Y = R(A), N(AVA) = N(A4), R(ADA)*) = R(A*) .
Proof. Always R(AX) C R(A), N(A) C N(XA).

But AXA=A — rank AX =rank XA =rank A .

Theorem. Let X be a {1,2}-inverses of A. Then:
(a) AX is the projector on R(A) along N(X), and
(b) X A is the projector on R(X) along N(A).
Proof. AX = (AX)2 —> AX = Prax) Nn(AX)
AXA=A = R(AX)=R(A)
XAX =X, rank AX =rank X — N(AX)= N(X)
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The set of {1,3}—inverses
Theorem. The set A{1,3} consists of all solutions for X of

AX = AALS)

where A(13) is an arbitrary element of A{1,3}.
Proof. If X satisfies (1), then

AXA=AADA=A, AX = (AX)*. . X e A{1,3}.

Conversely, if X € A{1,3}, then
AADS) = AXAATS) = (AX)*AAL3) = X*A*(AL3))* 4%
= X"A* = AX .
Theorem. The set A{1,4} consists of all solutions for X of
XA=AlY4.

12-b



Characterizations of {1,3}, and {1,4}—-inverses

Recall that for C* =L & M.
M=IL" < Pr, pr 1s Hermitian

Theorem. For any A € C™*":
(a) AX = Ppay <= X € A{1,3}

Proof. (a) «<—
AXA=A = AX = Priax).N(AX)
AXA=A = R(AX)=R(A) . AX = Pra).N(AX)
AX = (AX)* = N(AX)=R(A)" . AX = Py

(a) =

AX = Ppay = AAMY) = X € A{1,3}
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{1,2,3}, and {1,2,4}-inverses

men

Theorem (Urquhart). For every A €

(A* A A* € A{1,2,3},
A*(AAHY) € A{1,2,4)
ALHDAALS) e A{1,2,3,4} .
Proof of (a). Let X := (A*A)(1) A",
R(A*A) = R(A") (why?) = A* = A*AU , 3U .. A=U*A*A
AXA=UA"AAAWVA* =U*A* A=A - X e A{l}
rank X <rank A" and X € A{1} = rank X >rank A

. rank X =rank A . X € A{2}
Finally

AX = UA*A(A*A)WA AU = U*A*AU . X € A{3} O




The Moore—Penrose inverse

Theorem (Penrose). Given A € C"™*", a solution of

AXA= A,
XAX = X,

(AX)* = AX ,
(XA)* = XA,

exists and is unique. The {1,2,3,4}-inverse of A is denoted AT.
Proof. Uniqueness. Let X,Y € A{1,2,3,4}. Then

X = X(AX)" = XX*A* = X(AX)*(AY)*
= XAY = (XA)*(YA)'Y = A*Y*Y
= (YA)'Y =Y .

Existence. AT = A(1:4) 4 A(1.3)




Full-rank factorization

Given A € C"*" | r > 0, a full-rank factorization is
A=CR, CeC*™ , ReCI*" (1)
Theorem (MacDuffee). Given A € C"*" | r >0, C, R as in (1),
Al = R*(C*AR*)"'C* . (2)
Proof. C*AR* is nonsingular, because
C*AR" = (C*C)(RR") , a product of nonsingular matrices .

Let X = RHS(2) = R*(RR*)"Y(C*C)~'C* , and check that X

satisfies the 4 Penrose equations. []

A" = R*(RR*)"Y(Cc*C)~tCc* = R'C1 (3)

Q: What is a “good” method for full-rank factorization 7
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Singular value decomposition
Let Ae C**™ [ r >0, and let
AA*w; =o7u;, i €1,m
A*Av; =0 v;,i€1,n
01201220, >0=0p41=0p42="""
The singular value decomposition (SVD) of A is
A=UXV"
U=[u uy -+ uy,|eC™m UU=1I,,
V=[vivy -+ v,]eC™" V'V =1,,

> = diag(al,ag,- . ,O'7~> c R™*™

Theorem (Penrose). AT — vty

1 1 1
where 21T = diag <—, S 7_) c RPX™

01 09 Or




Properties of the Moore—Penrose inverse

(a) For any scalar A, \ { T, fXF£0;
0

, otherwise .
If a, b are column vectors then
(b) al = (a*a)Ta* (c) (ab*)T = (a*a)’(b*b) ba*
(d) If D = diag(A1,---,Ax) € C™*™ then
DT = diag(\], - ,)\L) e Crxm
For any matrix A
) (A1) - (f) (A7) = ()"
1) - <AT> (h) AT = (4°A)TA" = A*(AA%)f
— R(A") (i) N(Af) = N(4")
= Pr(a) (1) ATA = Ppgas
m) If U and V are unitary matrices, (UAV)T = V*ATU*
n) For any matrices A, B: (A® B)! = AT @ Bl




Non—properties of the Moore—Penrose inverse
(a) In general, for compatible A, B,
(AB)! £ BTAT

(b) If A, B are similar, i.e. B = S~1AS for some nonsingular S,
then, in general, BT # S—1ATS .

(c¢) If Ji(0) is a Jordan block corresponding to the eigenvalue zero,
then (J5(0))T = (Jx(0))T. For example,

T

0
1
0

0

0
0
0

0

1 0
0 1
0 O
0 O

. AT is not a polynomial in A.
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Continuity of the inverse

Let || - || be a multiplicative matrix norm, i.e.
| XY < || X|[[|Y], if XY is defined

Let X € C" ", Then the perturbation (X + F)= (I + EX " 1)X

is nonsingular for all F such that || F|| < X1 and its inverse is

(X+E)'=X"'"I-EX '+ (EX ') —(EX )’ +--)

which converges if

|EX Y| <1, guaranteed by ||E| < X1

The inverse is a continuous function C!*" — C'*™  and the

nonsingular matrices are an open set in C"*".




The Moore—Penrose inverse 1s discontinuous

Ex. Let

For perturbations E). — O,

(X +E,)" — X «— rank (X + E;) — rank X
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The Smith normal form

A nonsingular matrix A € Z"*" whose inverse A1 is also in Z"*"

is called a unit matrix.

Two matrices A, S € Z™*™ are said to be equivalent over 7 if

there exist two unit matrices P € Z"*™ and Q € Z"*" such that
PAQ =S5 (1)

Theorem. Let A € Z"*". Then A is equivalent over Z to a

matrix S = [s;;] € Z**™ such that:

(a) sis 0, del,r,

(b) s;; = 0 otherwise, and

(¢) si; divides s;41 441 fori e 1,r — 1.

S is called the Smith normal form of A, and its nonzero

elements s;; (¢ € 1,r) are invariant factors of A.

22-a



Integer solutions

Let A e Z™*™ b € Z™ and let the linear equation
Ax=Db (P)

be consistent. It is required to determine if (P) has an integer
solution, in which case determine all of them.

Theorem (Hurt and Waid). Let A € Z™*™. Then there is an
n X m matrix X satisfying

AXA=A,
XAX = X,
AX ez™™ XAecz™"™.

Proof. Let PAQ = S be the Smith normal form of A. Then

X =QSP.




Integer solutions (con’d)

Let A the {1,2}-inverse of A as given above.
Theorem (Hurt and Waid). Let A and b be integral, and let

the vector equation

Ax =Db (P)

be consistent. Then (P) has an integral solution if and only if the

vector
Ab

is integral, in which case the general integral solution of (P) is

ngb—k(I—A\A)y, y € Z" .




Application of {2}—inverses to Newton’s method

The Newton method for solving a single equation in 1 variable,

is gt = gk — ;/((ZZ)) , (k=0,1,...).

A Newton method for solving m equations in n variables
filx1,...,2,)=0,4i€l,m or f(x)=0,

is similarly given, for the case m = n, by
xPTh = xF — f(xM) (xR (k=0,1,..)),

where f/(x¥) is the derivative of f at x*, represented by the
matrix of partial derivatives (the Jacobian matrix)

o) = ()




Notation

We denote the derivative of f at ¢

f'(c) = (gxf] (c)) by Jg(c) or by J. .

We denote by || - || both a vector norm in R” and a matrix norm

consistent with it,
[Ax[] < [|Af}f}x]l, ¥ x.
For a given point x € R™ and a positive scalar r we denote by
Bx',r)={xeR":||x—x"|<r}

the open ball with center x” and radius r. The closed ball

with the same center and radius is

B0, 1) = {x € R":[ x —x* < r} .




Newton method using {2}—-inverses of f’

Theorem. Let x" € R®, r > 0 and let f : R® — R™ be
differentiable in B(x",r). Let M > 0 be such that

|Ju = vl < M |lu— v

for all u,v € B(x",r). Further, assume that for all x € B(x°,r),
the Jacobian Jx has a {2}—-inverse Ty € R™"*™ Ty Jy Ty = Tk,

such that ||Txol| Hf(XO)H < a,

and, ||(Tu —TO)EfWV)| < Nlu-v|*, Yu,veBx’r)

M
7HTu||+N§K<1, Vue B(x',r)

for some positive scalars N, K and «, and

h=aK <1,




Theorem (cont’d)
Then:
(a) Starting at xY, all iterates
xPT = xF — T f(x"), k=0,1,...

lie in B(xY, 7).
(b) The sequence {x*} converges, as k — 00, to a point
x> € B(xY,r), that is a solution of

(c) For all £ >0
th_l

1—h2"
Since 0 < h < 1, the method is (at least) quadratically convergent.

[x* =x*[|<a

The iterates converge not to a solution of f(x) = 0, but of (7). The
degree of approximation depends on the {2}—-inverse used.
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