Lecture 8: The SV Decomposition
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Singular values

Theorem. Let O # A € C"*", let o(A), the singular values of
A, be 01 >032>-->0,>0, (1)

let {uy,us,...,u,} be an o.n. set of eigenvectors of AA*

corresponding to its nonzero eigenvalues:
* 2 .
AA*w; =o;v;, 1€1,r
<ui7uj>:5ij . v, ] El,’f‘,

and let {vy,vo,...,v,} be defined by

1 . 1 .
VZ':O—iA*uZ', rel,r.

Then {vi,vs,...,Vv,} is an o.n. set of eigenvectors of A*A

corresponding to its nonzero eigenvalues
* 2 .
AAv, =o;v;, 1€ l,r

<V7L7Vj>:5z’j7 Z,]EW




Singular values (cont’d)

Furthermore,
(5)

Dually, let the vectors {vi,va,...,v,} satisfy (4a)—(4b) and let the
vectors {uy, us,...,u,} be defined by (5). Then {uy,us,...,u,}
satisfy (2a) and (2b). ]




Singular values (cont’d)

Furthermore,

1 -
w,=—Av;, 1€1,r. (5)
oF;

Dually, let the vectors {vi,va,...,v,} satisfy (4a)—(4b) and let the
vectors {uy, us,...,u,} be defined by (5). Then {uy,us,...,u,}
satisfy (2a) and (2b). ]

Notes.
(a) A and A* have the same singular values.

(b) Singular values are unitarily invariant.
Proof. Let Ae C™*™, and let U € U™*™ | V € U™*™ be unitary.
Then

(UAV)(UAV )" = UAVVTAU* =UAA™U™

is similar to AA*, and therefore has the same eigenvalues.
Therefore UAV and A have the same singular values.




Singular values (cont’d)

O A
(c) (Lanczos) Let A € C**™. Then has 2r nonzero

A O
eigenvalues given by +0,(4), j € 1,r.




Singular values (cont’d)

O A
(c) (Lanczos) Let A € C**™. Then o has 2r nonzero

eigenvalues given by +o;(A), j € 1,7.
(d) An extremal characterization. Let A € C**™. Then

op(A) = max {||Ax|| : ||x]| =1, x L xq,...,xk_1}, kel,r, (1)
where || || denotes the Euclidean norm, and

{x1,X2,...,Xx_1} is an o.n. set of vectors in C", defined by
[Ax: || = max {||Ax[| - ||x[| =1}
|Ax;|| = max {||Ax|| : ||x]| =1, x Lxy,...,x;1}, 7=2,...,k—1

and RHS(1) is the (attained) supremum of ||Ax|| over all vectors
x € C™ with norm one, which are perpendicular to x1,xs,...,Xr_1.




Singular values (cont’d)

(e) A condition number. Let A be nonsingular, and consider the

sensitivity of the solution of
Ax=Db (1)

to changes in the vector b. Changing b to (b 4 db) results in a
change of the solution x = A~ !'b to x + dx, with

ox = A~ '5b . (2)
For any consistent pair of norms it follows from (1) that
Ibll < [[Allf[x]

Similarly, from (2), 6% < [|[A~|||b]|
|ob]
=l = b b
where ||Al|||A™||, called the condition number of A, is denoted

cond(A).

Therefore I 44= 121 = cona(a)




Singular values (cont’d)

The spectral condition number corresponding to the spectral

norm is, o1(A)

d(A) = :
cond(A) o (A)
For this condition number, cond(A*A) = (cond(A))? .

(f) Weyl’s inequalities. Let A € CI'*™ have eigenvalues ordered
by ‘)\1|Z|)\2‘22‘)‘n‘

and singular values gL > 09> >0,

Then, for k=1,...,r

MEX
=




The SVD theorem
Theorem. Let O # A € C"*", and let

o1 >092>--2>20, >0

be the singular values of A.

Then there exist unitary matrices U € U™*™ and V € U™*"™ such
that the matrix

is diagonal.




SVD and the Moore—Penrose inverse

Theorem (Penrose). Let A € CI"*" have the SVD
A=UXV~
with > = diag (o1, ,0,,0,---,0) € R™*"

Then
AT =VyTU*

where

-,—,o,---,o) c R™™ .

Or

A minimum property of the Moore—Penrose inverse.
Let G be a {1}-inverse of A € C"*™ with singular values

01(G) 2 02(G) 2 --- 2 04(G)
where s = rank G (> rank A). Then
0, (G) > o;(AY), i=1,...,7.




Truncation

Let A € C"*™ have the SVD A = UX V™, and denote

Ury=|ur ... ug e C"xk V(k):{vl Vk}E(CHXk,

01
E(k) = E(Cka .

Ok

r

1

CA=) oiuv] =UnSeVi o Al=)  —viup = ViS00,

O‘.
i=1 i=1 ¢

For 1 < k£ < r we write, analogously,

A(k) Z o; ;v U<,€)Z<,€)V<,€) < (mew,

In particular, A = A,.




Best rank approximation

Definition. Given a matrix A € C"*" and an integer k,
1 <k <r, abest rank-k approximation of A is a matrix
X € C7"*" satistying

|A-X|p= inf [[A-Z||r.

ZeC!

Theorem (Schmidt approximation theorem). Let A € C"*"™,
and 1 < k <r. Then a best rank-£ approximation of A is

Ay = Uy X () Vi
which is unique iff o # op11 -
The approximation error of A, is

r

|A—Auwllr= (

1=k+1




TLS
Given a linear system
Ax =D

the least—squares problem is to solve an approximate system

~

Ax =Db
where b € R(A) minimizes
Ib =Dz .

The total least—squares (TLS) problem is to to solve an

approximate system

~

Ax =b (1)

where b € R(A) and the pair {4, b} minimizes ||[A b] — [4:b]|r.

Note that in the TLS problem, both the matrix A and the vector b
are modified.




TLS (cont’d)

Since (1) is equivalent to

the TLS problem is:

~

find [A:b] e CX (D)

SO as to minimize,

A ~

|[A:b] - [A:b]||F

subject to (2), for some x.




TLS (cont’d)
Theorem. Let A € C"*"™ let the system Ax = b be inconsistent,

let [A:b] have the SVD

n+1
[A:b] =ULV* = Zazuz v, (1)

and let o be the smallest singular value such that v, has non—zero
last component vi[n + 1]. Then a solution of the TLS problem is

A~ M~

[Ab] = [Ab] —O‘kusz
and the error of approximation is

I[A:b] - [A:b]||F = oy .

The solution (2) is unique iff the smallest singular value oy, as

above, is unique.




Distance of A € C"*" from C"*", k <r

Let O # A € C**"™ have singular values
o1 =209 220, >0

and let

r—1
M, = [ Cn (1)
k=0

be the set of m x n matrices of rank < r — 1. Then the
distance, using either the Frobenius norm or the spectral norm, of
A from M,_q is

inf |A—X|=o,. (2)
XEM?"—l




Distance of A from C;"*", k <r (cont’d)

Two easy consequences of

inf [|A—X|=o.. (2)
XEMr—l

are:

(a) Let A be as above, and let B € C™*"™ satisfy ||B|| < o, ; then
rank (A + B) > rank A .

(b) For any 0 < k < min{m,n}, the m x n matrices of rank < k
form a closed set in C"™*".

In particular, the n x n singular matrices form a closed set in
C™*™. For any nonsingular A € C"*" with singular values

o1 >092> >0, >0

the smallest singular value o, is its distance from

singularity.




